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UNIVERSAL PROLONGATION OF LINEAR PARTIAL
DIFFERENTIAL EQUATIONS ON FILTERED MANIFOLDS
KATHARINA NEUSSER
Abstrat. The aim of this artile is to show that systems of linear partial
dierential equations on ltered manifolds, whih are of weighted nite type,
an be anonially rewritten as rst order systems of a ertain type.
This leads immediately to obstrutions to the existene of solutions. More-
over, we will dedue that the solution spae of suh equations is always nite
dimensional.
1. Introdution
A ltered manifold is a smooth manifold M together with a ltration of the
tangent bundle TM = T−kM ⊃ ... ⊃ T−1M by smooth subbundles suh that
the Lie braket [ξ, η] of a setion ξ of T iM and a setion η of T jM is a se-
tion of T i+jM . To eah point x ∈ M one an assoiate the graded vetor spae
gr(TxM) =
⊕
T ixM/T
i+1
x M . The Lie braket of vetor elds indues a Lie braket
on this graded vetor spae, whih makes gr(TxM) into a nilpotent graded Lie al-
gebra. This graded nilpotent Lie algebra should be seen as the linear rst order
approximation to the ltered manifold at the point x.
Studying dierential equations on ltered manifolds it turns out that, in addition
to replaing the usual tangent spae at x by the graded nilpotent Lie algebra
gr(TxM), one should also hange the notion of order of dierential operators a-
ording to the ltration of the tangent bundle. One an view a ontat struture
TM = T−2M ⊃ T−1M as a ltered manifold struture. In this speial ase, this
means that a derivative in diretion transversal to the ontat subbundle T−1M
should be onsidered as an operator of order two rather than one. This leads to
a notion of symbol for dierential operators on M whih ts naturally together
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with the ontat struture and whih an be onsidered as the prinipal part of
suh operators. In the ontext of ontat geometry the idea to study dierential
operators on M by means of their weighted symbol goes bak to the 70's and 80's
of the last entury and is usually referred to as Heisenberg alulus, f. [1℄ and
[10℄.
Independently of these developments in ontat geometry, T. Morimoto started in
the 90's to study dierential equations on general ltered manifolds and developed
a formal theory, f. [5℄, [6℄ and [7℄. By adjusting the notion of order of dierentia-
tion to the ltration of a ltered manifold, he introdued a onept of weighted jet
bundles, whih provides the onvenient framework to study dierential operators
between setions of vetor bundles over a ltered manifold. This leads to a notion
of symbol whih an be naturally viewed as the prinipal part of dierential oper-
ators on ltered manifolds. In [5℄ and [6℄ Morimoto also established an existene
theorem for analyti solutions for ertain dierential equations on ltered mani-
folds.
In [9℄ Spener extrats an important lass of systems of dierential equations,
namely those, for whih after a nite number of prolongations their symbol van-
ishes. He alls these systems of nite type. Suh equations have always a nite
dimensional solution spae, sine a solution is already determined by a nite jet in
a single point. Working in the setting of weighted jet bundles one an analogously
dene systems of dierential equations of weighted nite type. If our manifold is
trivially ltered, the weighted jet bundles are the usual ones and the denition of
weighted nite type oinides with the notion of Spener.
In this artile we will study systems of linear dierential equations on ltered man-
ifolds by looking at their weighted symbols. Our aim is to show that to a system
of weighted nite type one an always anonially assoiate a dierential operator
of weighted order one with injetive weighted symbol whose kernel desribes the
solutions of this system. From this one an immediately see that also in the ase
of a dierential equation of weighted nite type the solution spae is always nite
dimensional. Additionally, we will see that rewriting our equation in this way
as a system of weighted order one leads diretly to algebrai obstrutions to the
existene of solutions.
Aknowledgments
This artile evolved from disussions with Miheal Eastwood, who advised me of
some aspets of the work of Hubert Goldshmidt and Donald C. Spener on dif-
ferential equations.
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2. Weighted Jet Spaes
In this setion we reall some basi fats about ltered manifolds and disuss the
onept of weighted jet bundles of setions of vetor bundles over ltered manifolds
as it was introdued by Morimoto in [5℄ in order to study dierential equations on
ltered manifolds. For a more detailed disussion about dierential equations on
ltered manifolds and weighted jet bundles see also [7℄.
2.1. Filtered Manifolds. As already mentioned, by a ltered manifold we under-
stand a smooth manifoldM together with a ltration TM = T−kM ⊃ ... ⊃ T−1M
of the tangent bundle by smooth subbundles, whih is ompatible with the Lie
braket of vetor elds. Compatibility with the Lie braket of vetor elds here
means that for setions ξ of T iM and η of T jM the Lie braket [ξ, η] is a setion
of T i+jM , where we set T jM = TM for j ≤ −k and T jM = 0 for j ≥ 0.
Given a ltered manifold M one an form the assoiated graded vetor bundle
gr(TM). It is obtained by taking the pairwise quotients of the ltration ompo-
nents of the tangent bundle
gr(TM) =
−1⊕
i=−k
T iM/T i+1M.
We set gr−i(TM) = T
−iM/T−i+1M .
Now onsider the operator Γ(T iM) × Γ(T jM) → gri+j(TM) given by (ξ, η) 7→
q([ξ, η]), where q is the projetion from T i+jM to gri+j(TM). This operator is
bilinear over smooth funtions and therefore indued by a bundle map T iM ×
T jM → gri+j(TM). Moreover it obviously fatorizes to a bundle map gri(TM)×
grj(TM) → gri+j(TM), sine for ξ ∈ Γ(T
i+1M) we have [ξ, η] ∈ Γ(T i+j+1M).
Hene we obtain a tensorial braket
{ , } : gr(TM)× gr(TM)→ gr(TM)
on the assoiated graded bundle whih makes eah ber gr(TxM) over some point
x into a nilpotent graded Lie algebra. The nilpotent graded Lie algebra gr(TxM)
is alled the symbol algebra of the ltered manifold at the point x.
Suppose f : M → M is a loal dieomorphism whose tangent map preserves
the ltration. Then the tangent map at eah point x ∈ M indues a linear iso-
morphism between gr(TxM) and gr(Tf(x)M), and ompatibility of f with the Lie
braket easily implies that this atually is an isomorphism of Lie algebras. Hene
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the symbol algebra at x should be seen as the rst order linear approximation
to the manifold at the point x. In general the symbol algebra may hange from
point to point. However, we will always assume that gr(TM) is loally trivial as
a bundle of Lie algebras.
In addition, we will assume that gr(TxM) is generated as Lie algebra by gr−1(TxM).
This means that the whole ltration is determined by the subbundle T−1M and
the ltration is just a neat way to enode the non-integrability properties of this
subbundle.
In the ase of a trivial ltered manifold TM = T−1M the assoiated graded is just
the tangent bundle, where the tangent spae at eah point is viewed as an abelian
Lie algebra.
Example. Suppose M is a smooth manifold of dimension 2n + 1 endowed with
a ontat struture, i.e. a maximally non-integrable distribution T−1M ⊂ TM of
rank 2n. The bers grx(TM) = T
−1
x M ⊕ TxM/T
−1
x M of the assoiated graded
bundle are then isomorphi to the Heisenberg Lie algebra h = R2n ⊕ R.
2.2. Dierential operators and weighted jet bundles. Studying analyti
properties of dierential operators on some manifold M , one may rst look at
the symbols of these operators. If M is a ltered manifold, it turns out that the
usual symbol is not the appropriate objet to onsider and it should be replaed
by a notion of symbol that reets the geometri struture on M given by the
ltration on the tangent bundle.
Let us onsider an example. Suppose M is the Heisenberg group R2n+1 endowed
with its anonial ontat struture T−1M ⊂ TM . Denoting by (x1, .., xn, y1, .., yn, z)
the oordinates on R2n+1 and by X1, ..., Xn, Y1, ..., Yn, Z the right invariant vetor
elds, the distribution is spanned in eah point by Xi, Yi for i = 1, ..., n. Now
onsider the following operator ating on smooth funtions on M
D =
n∑
j=1
−X2j − Y
2
j + iaZ with a ∈ C.
It an be shown, f. [2℄, that the analyti properties of this operator highly depend
on the onstant a. However, this an never be read o from the usual symbol,
sine the term iaZ is not part of it. This suggests that a derivative transversal to
the ontat distribution should have rather order two than one to obtain a notion
of symbol that inludes the term iaZ.
In the ase of a general ltered manifold the situation is similar. One one has
replaed the role of the usual tangent spae at some point x ∈ M by the symbol
algebra at that point, one should also adjust the notion of order of dierentiation
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aording to the ltration of the tangent bundle, in order to obtain a notion of
symbol that an be seen as representing the prinipal parts of operators on M .
Denition. (1) A loal vetor eld ξ of M is of weighted order ≤ r, if ξ ∈
Γ(T−rM). The minimum of all suh r is alled the weighted order ord(ξ) of ξ.
(2) A linear dierential operator D : C∞(M,R) → C∞(M,R) between smooth
funtions from M to R is of weighted order ≤ r, if it an be loally written as
D =
∑
i
ξi1 ...ξis(i)
for loal vetor elds ξij with
∑s(i)
ℓ=1 ord(ξiℓ) ≤ r for all i.
The minimum of all suh r is then the weighted order of D.
Suppose E → M is a smooth vetor bundle of onstant rank over a ltered
manifold M and denote by Γx(E) the spae of germs of setions of E at the point
x ∈M .
Then we dene two setions s, s′ ∈ Γx(E) to be r-equivalent ∼r if
D(〈λ, s− s′〉)(x) = 0
for all dierential operators D on M of weighted order ≤ r and all setions λ of
the dual bundle E∗, where 〈 , 〉 : Γ(E∗)× Γ(E) → C∞(M,R) is the evaluation.
The spae of weighted jets of order r with soure x ∈ M is then dened as the
quotient spae
Jrx(E) := Γx(E)/ ∼r .
For s ∈ Γx(E) we denote by j
r
xs the lass of s in J
r
x(E).
The spae of weighted jets of order r is given by taking the disjoint union over x
of Jrx(E)
Jr(E) :=
⊔
x∈M
Jrx(E)
and we have a natural projetion Jr(E) →M .
It is not diult to see that for every vetor bundle hart of E one an onstrut a
loal trivialization of Jr(E). Hene we an endow Jr(E) with the unique manifold
struture suh that Jr(E)→M is a vetor bundle and these trivializations beome
smooth vetor bundle harts.
The natural projetions
πrs : J
r(E)→ Js(E) for r > s
are then easily seen to be vetor bundle homomorphisms.
Denoting by jr : Γ(E) → Γ(Jr(E)) the universal dierential operator of weighted
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order r given by s 7→ (x 7→ jrxs), we an dene the weighted order of a general
linear dierential operator as follows.
Denition. Suppose E and F are vetor bundles of onstant rank over a ltered
manifold M . A linear dierential operator D : Γ(E) → Γ(F ) between setions of E
and F is of weighted order ≤ r, if there exists a vetor bundle map φ : Jr(E)→ F
suh that D = φ ◦ jr. The smallest integer r suh that this holds, is alled the
weighted order of D.
Sine, of ourse, every bundle map φ : Jr(E) → F denes a dierential operator
of order r byD = φ◦jr, we an equivalently view a dierential operator of weighted
order r as a bundle map from Jr(E) to F .
2.3. Weighted symbols of dierential operators. The symbol σ(φ) of a dif-
ferential operator φ : Jr(E) → F is the restrition of φ to the kernel of the
projetion πrr−1 : J
r(E) → Jr−1(E). Let us desribe this kernel more expliitly:
The assoiated graded bundle gr(TM) is a vetor bundle of nilpotent graded Lie
algebras. So one an onsider the universal enveloping algebra U(gr(TxM)) of the
Lie algebra gr(TxM) dened by
U(gr(TxM)) = T (gr(TxM))/I
where T (gr(TxM)) is the tensor algebra of gr(TxM) and I is the ideal generated
by elements of the form X ⊗ Y − Y ⊗X − {X,Y } for X,Y ∈ gr(TxM).
The grading of gr(TxM) indues an algebra grading on the tensor algebra T (gr(TxM))
as follows: An element X1⊗ ...⊗Xℓ ∈ T (gr(TxM)) is dened to be of degree s, if∑
i deg(Xi) = s with deg(Xi) = p for Xi ∈ grp(TxM). Sine the ideal I is homo-
geneous, this grading fatorizes to an algebra grading on the universal enveloping
algebra
U(gr(TxM)) =
⊕
i≤0
Ui(gr(TxM)).
The disjoint union
⊔
x∈M Ui(gr(TxM)) is easily seen to be a vetor bundle over
M , whih we denote by Ui(gr(TM)).
Let us now onsider the kernel of the projetion πrr−1 : J
r(E) → Jr−1(E). Sup-
pose s is a loal setion with jr−1x s = 0 for some point x and take some loal
trivialization to write s as (s1, ..., sn) : U ⊆ M → R
n
(rank(E) = n) with x ∈ U .
For ξ1, .., ξℓ ∈ TxM with
∑
i ord(ξi) = r we have the multilinear map
(ξ1, ..., ξℓ) 7→ ξ1 · ... · ξℓ · s
from TxM× ...×TxM to R
n
given by iterated dierentiation. Sine the r−1 jet of
s at x vanishes, this map indues a linear map T−r(gr(TxM)) → R
n
. Additionally
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we have the symmetries of dierentiation, like for example ξ1 · ξ2 · ... · ξℓ · s− ξ2 · ξ1 ·
... · ξℓ · s = [ξ1, ξ2] · ... · ξℓ · s, whih equals {ξ1, ξ2} · ... · ξℓ · s, sine j
r−1
x s = 0. Hene
T−r(gr(TxM)) → R
n
fatorizes to a linear map U−r(gr(TxM)) → R
n
. Via the
hosen trivialization, any element of the kernel of πrr−1 determines an element in
U−r(gr(TM))
∗⊗E and vie versa. It is easy to see that this is independent of the
hosen trivialization and so we get the natural exat sequene of vetor bundles:
0 −−−−→ U−r(gr(TM))
∗ ⊗ E
ι
−−−−→ Jr(E)
πrr−1
−−−−→ Jr−1(E) −−−−→ 0
Hene the symbol of an operator φ : Jr(E) → F an be viewed as a bundle
map
σ(φ) : U−r(gr(TM))
∗ ⊗ E → F.
Remark. If M is a trivial ltered manifold TM = T−1M , the bundle Jr(E) is
just the usual bundle of jets of order r and we obtain the usual notion of symbol
for dierential operators. The universal enveloping algebra of the abelian algebra
gr(TxM) = TxM oinides with the symmetri algebra of TxM .
3. Universal Prolongation of Linear Differential Equations on
filtered manifolds
A dierential operator φ : Jr(E)→ F indues the following maps:
The ℓ-th-prolongation pℓ(φ) : J
r+ℓ(E)→ Jℓ(F ) of φ given by
pℓ(φ)(j
r+ℓ
x s) = j
ℓ
x(φ(j
rs)).
This is well dened, sine the righthand side just depends on the weighted r + ℓ
jet of s at the point x. This map an be haraterized as the unique vetor bundle
map suh that the diagram
Γ(Jr+ℓ(E))
pℓ(φ) // Γ(Jℓ(F ))
Γ(E)
φ◦jr //
jr+ℓ
OO
Γ(F )
jℓ
OO
ommutes .
In partiular, we have the bundle map
pℓ(idr) : J
r+ℓ(E) → Jℓ(Jr(E))
where idr is the identity map on J
r(E). Any derivative in diretion transversal
to T−1M an be expressed by iterated derivatives in diretion of the the subbun-
dle T−1M , sine we assumed that gr−1(TxM) generates gr(TxM) as Lie algebra.
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Therefore this vetor bundle map is injetive.
The operator φ indues also a vetor bundle map eℓ(φ) : J
ℓ(Jr(E)) → Jℓ(F )
dened by
eℓ(j
ℓ
xs) = j
ℓ
x(φ(s)).
It is the unique vetor bundle map suh that the diagram
Γ(Jℓ(Jr(E)))
eℓ(φ) // Γ(Jℓ(F ))
Γ(Jr(E))
φ //
jℓ
OO
Γ(F )
jℓ
OO
ommutes. By denition we have eℓ(φ) ◦ pℓ(idr) = pℓ(φ).
Sine we have the inlusion p1(idr) : J
r+1(E) →֒ J1(Jr(E)), we an onsider
the operator δr of weighted order one dened by the projetion
J1(Jr(E)) → J1(Jr(E))/Jr+1(E).
This operator an now be haraterized, analogously as in [4℄ for usual jet bundles:
We have the following ommutative exat diagram
0

0

0 // U−r−1(gr(TM))∗ ⊗ E //
ι

gr−1(TM)
∗ ⊗ Jr(E) //
ι

W r // 0
0 // Jr+1(E)
p1(idr) //
πr+1r

J1(Jr(E))
δr //
π10

J1(Jr(E))/Jr+1(E) //

0
0 // Jr(E) //

Jr(E) //

0
0 0
where the inlusion of U−r−1(gr(TM))
∗ ⊗E into gr−1(TM)
∗ ⊗ Jr(E) is obtained
by the ommutativity of the next two rows and the spae W r is dened by the
diagram. Moreover, this diagram indues an isomorphism of vetor bundles be-
tween W r and J1(Jr(E))/Jr+1(E). Therefore we an view δr as an operator from
J1(Jr(E)) to W r. Hene we have the following proposition:
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Proposition 1. There exists a unique dierential operator
δr : J1(Jr(E)) →W r
of weighted order one suh that
• the kernel of δr is Jr+1(E)
• the symbol σ(δr) : gr−1(TM)
∗ ⊗ Jr(E) →W r is the projetion.
Proof. The uniqueness follows from the exatness of the diagram above. 
By a similar reasoning as in [4℄ we an now dedue the existene of a rst order
operator S : J1(Jr(E)) → gr−1(TM)
∗ ⊗ Jr−1(E). We will all S the weighted
Spener operator.
Proposition 2. There exists a unique dierential operator
S : J1(Jr(E)) → gr−1(TM)
∗ ⊗ Jr−1(E)
of weighted order one suh that
• Jr+1(E) ⊆ ker(S)
• the symbol σ(S) : gr−1(TM)
∗ ⊗ Jr(E) → gr−1(TM)
∗ ⊗ Jr−1(E) is id⊗ πrr−1.
Moreover, we have the following exat sequene of sheaves:
0 −−−−→ Γ(E)
jr
−−−−→ Γ(Jr(E))
S◦j1
−−−−→ Γ(gr−1(TM)
∗ ⊗ Jr−1(E)) −−−−→ 0
Proof. If suh an operator exists, it must fatorize over δr by proposition 1, sine
Jr+1(E) ⊆ ker(S). This means that it has to be of the form S = ψ ◦ δr for some
bundle map ψ : W r → gr−1(TM)
∗ ⊗ Jr−1(E). By the seond property ψ has to
satisfy that σ(S) = ψ ◦ σ(δr) equals the projetion id⊗ πrr−1. To see that suh a
map ψ exists, we have to show that id⊗ πrr−1 fatorizes over σ(δ
r).
We already know that ker(σ(δr)) = ker(πr+1r ), whih is mapped under the inlusion
p1(idr) : J
r+1(E) →֒ J1(Jr(E)) to gr−1(TM)
∗⊗ Jr(E). Sine the map e1(π
r
r−1) :
J1(Jr(E)) → J1(Jr−1(E)) has symbol ι ◦ id ⊗ πrr−1 and we have the following
ommutative diagram
Jr+1(E)
p1(idr)
−−−−→ J1(Jr(E))
πr+1r
y
ye1(πrr−1)
Jr(E)
p1(idr−1)
−−−−−−→ J1(Jr−1(E))
we onlude that ker(πr+1r ) is mapped under the inlusion p1(idr) to the kernel of
id⊗ πrr−1. Hene id⊗ π
r
r−1 fatorizes over σ(δ
r). So there exists a unique bundle
map ψ : W r → gr−1(TM)
∗ ⊗ Jr−1(E) with ψ ◦ σ(δr) = id ⊗ πrr−1 and we an
dene S = ψ ◦ δr.
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To show the exatness of the sequene above let us desribe S in another way.
Consider the bundle map
e1(π
r
r−1)− p1(idr−1) ◦ π
1
0 : J
1(Jr(E)) → J1(Jr−1(E)).
Sine π10 ◦ e1(π
r
r−1) = π
1
0 ◦ p1(idr−1) ◦ π
1
0 , this operator atually has values in
gr−1(TM)
∗ ⊗ Jr−1(E). Moreover, Jr+1(E) lies in its kernel by the ommutative
diagram above and the symbol is given by the symbol of e1(π
r
r−1) whih equals
ι ◦ id⊗ πrr−1. Hene viewing S as an operator from J
1(Jr(E)) to J1(Jr−1(E)) by
means of the inlusion ι : gr−1(TM)
∗ ⊗ Jr−1(E) →֒ J1(Jr−1(E)), we must have
S = e1(π
r
r−1)− p1(idr−1) ◦ π
1
0 : J
1(Jr(E)) → J1(Jr−1(E)).
Suppose now we have a setion of Jr(E) whih an be written as jrs for some s ∈
Γ(E). Then it lies in the kernel of S◦j1, sine e1(π
r
r−1)◦j
1(jrs) = j1(πrr−1(j
rs)) =
j1(jr−1s) = p1(idr−1)(j
rs).
To show the onverse one an proeed by indution on r.
If r = 1, then for s ∈ Γ(J1(E)) to be in the kernel of S ◦ j1 means j1(π10(s)) =
p1(id0)s = s. Now suppose the assertion holds for r. If s ∈ Γ(J
r+1(E)) satis-
es j1(πr+1r (s)) = p1(idr)(s), then e1(π
r
r−1)(j
1(πr+1r (s))) = e1(π
r
r−1)(p1(idr)(s)).
From the ommutative diagram above we know that the right side oinides
with p1(idr−1)(π
r+1
r (s)). By the indution hypothesis π
r+1
r (s) = j
r(u) for some
u ∈ Γ(E). Now s must equal jr+1u, sine p1(idr)(s) = j
1(πr+1r (s)) = j
1(jru) and
p1(idr) is injetive. 
Now we want to study systems of linear dierential equations on ltered mani-
folds. Suppose we have vetor bundle map
φ : Jr(E) → F
of onstant rank, then the subbundle of Jr(E) dened by its kernel
Qr := ker(φ)
is alled the linear system of dierential equations assoiated to the operator φ.
A solution of Qr is a setion s of E satisfying φ(jrs) = 0.
The ℓ-th prolongation Qr+ℓ of Qr is dened to be the kernel of pℓ(φ) : J
r+ℓ(E)→
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Jℓ(F ). Sine the diagram
0

0

Jr+ℓ(E)
pℓ(φ) //
pℓ(idr)

Jℓ(F )
id

0 // Jℓ(Qr) // Jℓ(Jr(E))
eℓ(φ) // Jℓ(F )
ommutes, we have
Qr+ℓ = Jℓ(Qr) ∩ Jr+ℓ(E).
In general, the bundle map pℓ(φ) is not of onstant rank and Q
r+ℓ
need not to be
a vetor bundle. We all φ : Jr(E) → F regular, if pℓ(φ) is of onstant rank for
all ℓ ≥ 0.
The symbol of the prolonged equation Qr+ℓ is the family of vetor spaes gr+ℓ :=
{gr+ℓx }x∈M over M , where g
r+ℓ
x is the kernel of the linear map Q
r+ℓ
x → Q
r+ℓ−1
x
given by the restrition of the projetion πr+ℓr+ℓ−1 to Q
r+ℓ
x .
For all ℓ ≥ 1 we have a bundle map σℓ(φ) : U−r−ℓ(gr(TM))
∗⊗E → U−ℓ(gr(TM))
∗⊗
F , whih we all the ℓ-th symbol mapping. It is dened by the following (berwise)
ommutative diagram:
0

0

0

0 // gr+ℓ //

U−r−ℓ(gr(TM))
∗ ⊗ E
σℓ(φ) //

U−ℓ(gr(TM))
∗ ⊗ F

0 // Qr+ℓ //

Jr+ℓ(E)
pℓ(φ) //

Jℓ(F )

0 // Qr+ℓ−1 // Jr+ℓ−1(E)
pℓ−1(φ) // Jℓ−1(F )
By denition the kernel of σℓ(φ) is g
r+ℓ
viewed as a subset of U−r−ℓ(gr(TM))
∗⊗E.
Sine Qr+ℓ = Jℓ(Qr) ∩ Jr+ℓ(E) and the diagram
Jr+ℓ(E)
pℓ(idr)
−−−−→ Jℓ(Jr(E))
π
r+ℓ
r+ℓ−1
y
yπℓℓ−1
Jr+ℓ−1(E)
pℓ−1(idr)
−−−−−−→ Jℓ−1(Jr(E))
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ommutes, we onlude that
gr+ℓx = U−r−ℓ(gr(TxM))
∗ ⊗ Ex ∩ U−ℓ(gr(TxM))
∗ ⊗Kx
where K = {Kx}x∈M is the kernel of the symbol σ(φ) of φ.
A dierential equation Qr ⊂ Jr(E) is alled of nite type, if there exists m ∈ N
suh that gr+ℓx = 0 for all x ∈M and ℓ ≥ m.
For equations of nite type we an prove the following theorem:
Theorem. Suppose M is a ltered manifold suh that gr(TM) is loally trivial
as a bundle of Lie algebras and gr−1(TxM) generates gr(TxM) for all x ∈M and
suppose E and F are vetor bundles over M .
Let D : Γ(E)→ Γ(F ) be a regular dierential operator of weighted order r dening
a system of dierential equations of nite type. Then for some ℓ0 ∈ N there exists
a dierential operator
D′ : Γ(Qr+ℓ0)→ Γ(W r+ℓ0) of weighted order one with injetive symbol
suh that s 7→ jr+ℓ0s indues a bijetion:
{s ∈ Γ(E) : D(s) = 0} ↔ {s′ ∈ Γ(Qr+ℓ0) : D′(s′) = 0}.
Proof. Let us denote by φ : Jr(E) → F the bundle map assoiated to D and by
Qr ⊆ Jr(E) the dierential equation given by the kernel of φ. For all ℓ ≥ 0 we
an onsider the operator Dr+ℓ : Γ(Qr+ℓ)→ Γ(W r+ℓ) of weighted order one given
by the restrition of δr+ℓ ◦ j1 to Γ(Qr+ℓ).
If s ∈ Γ(E) is a solution Ds = 0, then jr+ℓs ∈ Γ(Qr+ℓ) and sine j1(jr+ℓs) is a
setion of Jr+ℓ+1(E) ⊆ J1(Jr+ℓ(E)) we also have Dr+ℓ(jr+ℓs) = 0.
And onversely, if s′ is a setion of Qr+ℓ suh that Dr+ℓ(s′) = 0, then j1s′ is a
setion of Jr+ℓ+1(E). Sine Jr+ℓ+1(E) is ontained in the kernel of the weighted
Spener operator J1(Jr+ℓ(E)) → J1(Jr+ℓ−1(E)), the setion s′ equals jr+ℓs for
some setion s ∈ Γ(E). Obviously πr+ℓ0 (j
r+ℓs) = s then satises Ds = 0.
This shows that for all ℓ ≥ 0 the map jr+ℓ indues a bijetion between solutions
of D and solutions of Dr+ℓ. So it remains to prove that there exists some ℓ0 suh
that Dr+ℓ0 has injetive symbol.
The symbol of Dr+ℓ is a bundle map U−1(gr(TM))
∗ ⊗ Qr+ℓ → W r+ℓ. We know
that the kernel of σ(δr+ℓ) is U−r−ℓ−1(gr(TM))
∗ ⊗ E.
Sine Dr+ℓ is just the restrition of δr+ℓ ◦ j1 to Γ(Qr+ℓ), we obtain that
ker(σ(Dr+ℓ))x = U−r−ℓ−1(gr(TxM))
∗ ⊗ Ex ∩ U−1(gr(TxM))
∗ ⊗ gr+ℓx .
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But gr+lx = U−r−l(gr(TxM))
∗ ⊗ Ex ∩ U−l(gr(TxM))
∗ ⊗Kx where K is the kernel
of the symbol of D. Therefore we get
ker(σ(Dr+ℓ))x = U−r−ℓ−1(gr(TxM))
∗ ⊗ Ex ∩ U−ℓ−1(gr(TxM))
∗ ⊗Kx
whih oinides with gr+ℓ+1x .
Sine the equation Qr is of nite type, there exists ℓ0 suh that g
r+ℓ0+1 = 0 and
hene Dr+ℓ0 : Γ(Qr+ℓ0) → Γ(W r+ℓ0) is a dierential operator of weighted order
one with injetive symbol, whose solutions are in bijetive orrespondene with
solutions of the original equation Qr. 
As a onsequene of this theorem, we obtain that a solution of a regular dif-
ferential equation of weighted nite type is already determined by a nite jet in
a single point, sine a solution of Dr+ℓ0(s′) = 0 is determined by its value in a
single point. Hene the solution spae of a dierential equation of weighted nite
type is always nite dimensional.
Moreover, sine Dr+ℓ0 is of weighted order one with injetive symbol, it indues a
vetor bundle map ρ : Qr+ℓ0 →W r+ℓ0/U−1(gr(TM))
∗ ⊗Qr+ℓ0 .
Any solution s′ of Dr+ℓ0 must learly also satisfy ρ(s′) = 0, whih leads to ob-
strutions for the existene of solutions.
Remark. The fat that a dierential equation of weighted nite type has nite
dimensional solution spae was (by other means) already earlier observed by Mo-
rimoto, [8℄.
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